
I 

N A S A  

v 
*o 
N 

LL 

c 
c 

I 

4 
C A  
4 
z 

T E C H N I C A L  

T R A N S L A T I O N  

THE PROBLEM OF THE 
CONVERGENCE OF THE METHOD 
OF INTEGRAL RATIOS 

by V. V.  Bobkou 

From Doklady Akademii Nauk BSSR, 
Vol. 8,  No. 1, 1964. 

N A S A  

i .  

. -, 

$ 2  

N A T I O N A L  A E R O N A U T I C S  A N D  SPACE A D M I N I S T R A T I O N  W A S H I N G T O N ,  D. C. 0 S E P T E M B E R  1965  



TECH LIBRARY KAFB, NM 

I llllll lull I I I lllll I ill1 Ill1 
0068737 

NASA TT F-261 

THE PROBLEM OF THE CONVERGENCE OF THE METHOD 

OF INTEGRAL RATIOS 

By V. V. Bobkov 

Translation of "K voprosu o skhodimosti metoda integral' nykh sootnosheniy." 
Doklady Akademii Nauk BSSR, Vol. 8, No. 1, pp. 5-9, 1964. 

NATIONAL AERONAUT ICs AND SPACE ADMINISTRATION 

For sale by the Clearinghouse for Federal Scientific and Technical Information 
Springfield, Virginia 22151 - Price$1.00 



!TJiE PROBLEM OF THE CONVERGENCE OF THE METHOD OF 
INTEGRAL RATIOS 

V. V. Bobkov 

The method proposed by A. A.  Dorodnitsyn f o r  t h e  approximate solu- 
t i o n  of d i f f e r e n t i a l  equations i n  p a r t i a l  der iva t ives  ( R e f .  1) has been 
successfu l ly  appl ied t o  t h e  so lu t ion  of a wide v a r i e t y  of problems ( R e f .  
2); however, t h e  convergence of t h i s  method, genera l ly  speaking, h a s  
s t i l l  not been demonstrated. 

The method of i n t e g r a l  r a t i o s  i s  appl icable  t o  various types of 
problems. 
t i o n s  a r e  w r i t t e n  i n  divergent form (Ref. l ) .  

Ordinar i ly ,  when it i s  used t h e  i n i t i a l  d i f f e r e n t i a l  equa- 

We w i l l  consider d i f f e r e n t i a l  equations of t he  hyperbolic type, 
wr i t ing  them f o r  t h i s  purpose i n  canonical form. 

L e t  us take t h e  following Cauchy problem: 

= 3 (s), a, 4 s 6. a*, au [x, L (4 
ai I4 Is, L (x)] = (1' (x), 

where .1 i s  the  d i r e c t i o n  of  a l i n e  nontangent t o  the  curve y = L (xi 
which nowhere takes a c h a r a c t e r i s t i c  d i r e c t i o n  of curvature ( i . e . ,  
which i s  piecewise smooth). 

After  t he  domain D, which i s  bounded by t h e  curve y = L (x) (for 
determinancy we w i l l  set  L ( a  ) > ( L a 2 ) )  and by t h e  c h a r a c t e r i s t i c s  

x = a2, y = L(a l ) ,  has been divided i n t o  N s t r i p s  by t h e  s t r a i g h t  l i n e s  

1 

y = y  = L ( a ) + n h , h = d / N , d = L (  - L ( a 2 ) , n = i ,  2, ..., N - 1 ,  n 2 

we  i n t e g r a t e  (1) over each of t h e  s t r i p s :  



Here xn + 

Y = Y n + 1  n 

i s  t h e  a b s c i s s a  o f  the p o i n t  of i n t e r se , c t ion  of the l i n e  

w i t h  t h e  curve y = L(x), while y = 1 = l,(x) coincides with 

< x <xn and with .y = y for x < x< a . 
n n\ 2 

y = L ( X )  f o r  x 
n + l  

A f t e r  i n t e r p o l a t i n g  the f’uncltions u and u l i n e a r l y  according t o  
X 

t h e i r  values a t  t h e  boundaries of t h e  s e c t o r s  and completing t h e  i n -  
t e g r a t i o n  i n  (3), we ob ta in  a system of N equations f o r  f inding approxi- 
mate so lu t ions  un t o  problems (I.), ( 2 )  on t h e  l i n e s  y = y ( n  = 1, 2, - / 6  n 

with t h e  supplementary conditions 

where 

2 



For the error 7 = Y  (x) we obtain: 
n + l  n + l  

where 

Both problem (6) and problem (4), (5) obtained earlier are solved con- /7 secutively beginning with n = 0. 

We will show that as h 3  0, u (x) converges toward u(x, y ) and n n 

Xn\(x\(a l < n f N  2 
will give the estimated e r r o r  Y = max max p&q. 

We will divide problem ('6) into N consecutively solvable Cauchy 
problems in the ,following manner: 

P,l - r,, 4- R,, , r, (-yx-n) = CI,,, x,Lp-n 4 x 4 x,~-~--l, 

where 
11 = 0, 1, . . . , 11'- 1, 

( 7 )  



< x< a2, n = 0, n + 1. If a(x, y) 4 0  in domain D, then Q: n + 1' > 1 (x 
1, ..., N - 1). 
O<h<2/A, A = max Ia(x, y)l, for a 

For other values of a(x, y) it is suyficient to take 
to be positive. 

D n + l  

We will reduce (7) to the form 

Using known results (Ref. 3), we will estimate the solutions of the 
problems (8) on the basis of the norm (using norm 1): 

I 

It is not difficult to find quadratic matrices P-l Q of the order of 
n n  

n + 1 and column matrices P - l  R 

them from the norm: 

of the same dimensionality and estimate 
n n  

where 
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1 fora@, y)<O i n  D, 

IIA for other  values of a(x, y);  
2 

A = mas max 1 ErFi + qizi I / I i ;  
xicxcaz l < i < N - l  

1 
j.N-1 

f o r  a (x, g) 4 0 i n  D, 
r - max mas Iti I; for other  values of a (x ,  y); xi&x<a,  I . : i c N  

r 5 h3 [ M ,  (C + B,) + ~ L 4 ] / 1 2 ;  A!!, =: m a s  I uuul; M: = max I uxuv I. 
I) D 

Note t h a t  11%11 = 0, /id)i/[ <,nias ~ ~ ~ i - l ~ ~ ,  i = 1, 2, ... , N - 1. From (10) 
i X i - ] < . x < r  

and t h e  note j u s t  made, we obta in  from ( 9 )  

cxp [ (n -  l).+(S,-SS,)i] + 2 exp (n t -1- SJ) - - f- l + S  1 + a  
2 

csp [(n - 1) 'i -k (3, - S,) f] - ... - 3 
1 -l- 22 

+ 
I1 n f- 1 - exp (T -+ tit)+, exp (7 + I d )  - 

. I  4- (12-1) 8 1 + I 1 8  

where 



i.e., 

From (ll), replacing R, T, t, 6 by their expressions and taking into 
estimate for r, we obtain the final error estimate: account the 

Y 4  

If we consider the equation u = c(.x,  y) u + f (x ,  y) instead of 
X y  

(1) in the problem (l), ( 2 ) ,  then the estimate (12) takes on a much 
simpler and more convenient f0r.m (T = h2 C/2p, 6 = 2, R = 2r/hC): 

y + h2iI4, [esp (d2C/2p) - 1]/G. 

Let us note in conclusion that error estTmates for the method of 
integral ratios for equation (l), analogous to those cited above, may 
be just as conveniently obtained in solving problems whose respective 
conditions are based on a characteristic and a piecewise smooth curve 
both originating from the same point. 

We will also note that the above exposition may be generalized 
in its entirety to cover the case where the problem being considered is 
based on a system of equations of the form 

6 
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in which the right-hand sides of the equations may even be quasi'linear 
(only the partial derivatives in y are required to be linear). 

Belorussian State University Submitted 28 May 1963 
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